A perfect Italian dominating function (PID-function) of a graph G is a function f : V (G) → {0, 1, 2} satisfying the condition that for every v ∈ V with f (v) = 0, u∈N (v) f (u) = 2. The perfect Italian domination number of G denoted γ p I (G), is the minimum weight of a PID-function of G. In this paper we have obtained the exact value of this parameter for paths, cycles, complete r-partite graphs and cartesian product of some special graphs. An upper bound for perfect Italian domination number of cartesian product of G and H is also obtained. We have also proved that for any two positive integers a, b there exists a graph G and induced subgraph H of G such that γ p I (G) = a and γ p I (H) = b. A relation between Roman domination number and perfect Italian domination number of a graph G * is obtained and the corresponding realization problem is also solved.
Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). A subset S ⊆ V of vertices in a graph is called a dominating set if every v ∈ V is either an element of S or is adjacent to an element of S [6] . The domination number γ(G) is the minimum cardinality of a dominating set of G.
A map f : V → {0, 1, 2} is a Roman dominating function for a graph G if for every vertex v with f (v) = 0 there exists a vertex u ∈ N (v) such that f (u) = 2. The weight of a Roman dominating function is f (V ) = u∈V f (u). The minimum weight of a Roman dominating function on G is called the Roman domination number of G and it is denoted by γ R (G) [2] . An Italian dominating function, of a graph G is a function f : V (G) → {0, 1, 2} satisfying the condition that for every v ∈ V with f (v) = 0, u∈N (v) f (u) ≥ 2, i.e; either v is adjacent to a vertex u with f (u) = 2 or to at least two vertices x and y with f (x) = f (y) = 1. The Italian domination number, γ I (G) is the minimum weight of an Italian dominating function. Similar to Roman dominating function, the weight of Italian dominating function is f (V ) = u∈V f (u) [4] . An Italian dominating function is a perfect Italian dominating function, abbreviated PID-function, on G if for every vertex v ∈ V with f (v) = 0 the total weight assigned by f to the vertices of N (v) is 2, i.e; all the neighbors of u are assigned the weight 0 by f except for exactly one vertex v for which f (v) = 2 or for exactly two vertices v and w for which f (v) = f (w) = 1. The weight of perfect Italian domination number is f (V ) = u∈V f (u). The perfect Italian domination number of G denoted γ p I (G), is the minimum weight of a PID-function of G. A PID-function of G with weight γ p I (G) is called a γ p I (G)-function of G [5] . We also denote a function f :
The Cartesian product G H of two graphs G and H has vertex V = V (G) × V (H) and two vertices (u 1 , v 1 ) and (u 2 , v 2 ) in G H are adjacent if and only if either u 1 = u 2 and v 1 v 2 ∈ E(H) or v 1 = v 2 and u 1 u 2 ∈ E(G) [3] . It is a simple observation that G H can be partitioned as |V (H)| copies of G and |V (G)| copies of H.
The following observations are simple. Observation 1. For totally disconnected graph γ p I (G) = n. Observation 2. For any complete bipartite graph K p,q , 
Proof. If γ p I (G) = 2, in a PID-function of G, either a vertex v is assigned the value 2 and all the remaining vertices are adjacent to v or two vertices v and w are assigned the value 1 and all the remaining vertices are adjacent to both v and w. The adjacency between v and w is optional. Therefore G is
The converse is a simple observation.
Paths, Cycles and Complete r-partite graphs
In this section we have obtained the values of perfect Italian domination number of paths, cycles and complete r-partite graphs.
is a γ p I -function of a path P n , then V 2 = φ, except for n=3,6.
Proof
Since |V 1 | = n 1 and |V 2 | = n 2 there can be at most 2n 2 + n 1 − 1 vertices in V 0 , if n 1 = 0 and 2n 2 vertices if n 1 = 0. Then P n can have at most n 1 + n 2 + 2n 2 + n 1 − 1 = 2n 1 + 3n 2 − 1 vertices, or n 2 + 2n 2 = 3n 2 vertices respectively.
When n ≡ 1(mod2), define g as follows.
When n ≡ 0(mod2),
which is a contradiction to the fact that f is a γ p I function of P n . When n 2 = 1, P n to have 2n 1 + 3n 2 − 1 vertices, the vertex assigned the value 2 must have both the neighbors assigned the value 0. Let f
Since n 1 = 0 there are more vertices in P n . Without loss of generality assume that there is v i+2 . But then f (v i+2 ) = 0 and f (v i+3 ) = 2, which is a contradiction to the fact that n 2 = 1. Hence n 2 = 1 is not possible. If
The cases n 2 = 1 and n 2 = 2 gives γ p I -function of P 3 and P 6 respectively. Hence the lemma.
, so that f 1 and f 2 are γ p I -functions of P 3 and P 6 respectively with V 2 = φ. Hence the lemma. Theorem 2.3. The perfect Italian domination number of a path P n is n+1 2 .
Proof. By the above lemma we have proved that V 2 can be empty. Between two vertices in V 1 there can be at most one vertex in V 0 . There can at most one vertex in V 1 which are not adjacent to vertices in V 0 . Therefore, ther exist at least n+1
Since |V 1 | = n 1 and |V 2 | = n 2 there can be at most 2n 2 + n 1 vertices in V 0 . Then C n can have at most n 1 + n 2 + 2n 2 + n 1 = 2n 1 + 3n 2 vertices. Define g as follows.
g(v i ) = 1; if i is odd or i = n; 0; otherwise.
Therefore, g(V ) = 2n 1 +3n 2 2 < n 1 + 2n 2 = f (V ), if n 2 = 0 or 1, which is a contradiction to the fact that f is a γ p I -function. Therefore, n 2 = 0 or 1. But, if n 2 = 1, then with out loss of generality let w(v 1 ) = 2. Then v 1 must have at least one neighbor with weight 0, say v 2 . But then w(v 3 ) also must be 0, which implies that w(v 4 )=2 which is a contradiction, since n 2 = 1. Therefore, n 2 = 0 i.e., V 2 = φ.
Theorem 2.5. The perfect Italian domination number of a cycle C n is n 2 . Proof. When n = 3, clearly γ p I (C n ) = 2. Let f = (V 0 , V 1 , V 2 ) be a γ p I -function of cycle C n , n ≥ 4. From the above lemma V 2 is empty. Therefore, every vertex in V 0 must have both its neighbors in V 1 . i.e, no two vertices in V 0 are adjacent to each other. Therefore, |V 0 | ≤ n 2 and hence |V 1 | ≥ n 2 so that f (V ) ≥ n 2 . Define f as follows.
Then f (V ) ≤ n 2 . Therefore, γ p I (C n ) = n 2 .
Theorem 2.6. Let G = K n 1 ,n 2 ,...nr be the complete r-partite graph, with r ≥ 2 and 1 ≤ n 1 ≤ n 2 ≤ ... ≤ n r , of order n = n 1 + n 2 + ... + n r then
2; when n 1 = 1 or 2, 3; when r = 3, n; otherwise.
Proof. When n 1 = 1, assign 2 to the only vertex in the first partition and 0 to all other vertices then γ p I (G) = 2. When n 1 = 2, assign 1 to both the vertices in the first partition and 0 to all other vertices so that γ p I (G) = 2. When r = 3, assign 1 to one vertex in each partition and 0 to all other vertices so that γ p I (G) ≤ 3. Since γ(G) = 3 and γ(G) ≤ γ p I (G), we get γ p I (G) = 3. Now, consider r ≥ 4 and n i ≥ 3 for all i . We claim that γ p I (G) = n. If possible, assume that there is a γ p I -function of G such that a vertex is assigned with weight 0. Then we have the following three cases, (i) There is a partite set with one vertex assigned 2 and all other vertices in all other partite sets are assigned zero. 
Cartesian Product
In this section we have obtained an upper bound for the Cartesian product of two graphs in terms of the original graph. Exact values for some special classes are also obtained. The following theorem proved in [1] is used in the proof of Theorem 4.3 γ p I (P 2 P n ) = n + 1; n = 1, 3, 5 n; otherwise.
Proof. Let f = (V 0 , V 1 , V 2 ) be the γ p I function of P 2 P n . Let u 1 , u 2 , u 3 , ..., u n be the vertices of the first copy of P n and v 1 , v 2 , v 3 , ..., v n be the vertices of the second copy of P n . We know that γ I (P 2 P n ) = n and by observation 4, γ I (G) ≤ γ p I (G). Therefore, γ p I (P 2 P n ) ≥ n.
When n=1, P 2 P n is C 4 and γ p I (C 4 ) = 2.
When n = 3, define f as follows.
Then γ p I (P 2 P n ) = 4.
When n = 5, define f as follows.
Then γ p I (P 2 P n ) = 6. When n ≥ 7, and n is odd, define f as follows.
When n is even, define f as follows
Clearly, in each case, f is a γ p I -function and f (V ) = n. Hence the theorem. Proof. Let f = (V 0 , V 1 , V 2 ) be the γ p I -function of K m K n . As we have already mentioned in the introduction K m K n can be viewed as n rows of K m and m columns of K n . Let u i,j , i=1,2,..m and j=1,2,...n be the vertices of K m K n . Case 1: m = n. Define f as follows.
Then γ p I (K n K n ) ≤ n. Claim: Exactly one vertex in each copy of K n has weight 1. If possible assume that there exists a copy of K n in which all vertices have weight 0. Then these vertices are dominated by vertices from corresponding columns. Case c: a=b and a is odd.
, for all other vertices and γ p I (G) = a, where γ p I -function g can be defined as g(v 1 ) = g(v 3 ) = g(v 5 ) = ... = g(v 2a−1 ) = 1, g(v)=0,for all other vertices. In particular, when a=5 the graph is given in Figure 1 .
Figure 1: A graph with a=b=5
Similarly, we can construct all graphs with γ R (G) = γ p I (G) when γ R (G) is odd. So we have constructed all graphs with a ≤ b.
Case d: a > b.
Let G be the graph constructed as follows. Let v 1 , v 2 , , ..., v b be a set of independent vertices. Corresponding to every pair (v i , v j ), i = j let u ij be a vertex adjacent to v i nd v j alone. Then γ p I (G) = b, where f (v i ) = 1, for all i=1,2,3,...,b and f (u ij ) = 0, for all i, j ∈ {1, 2, 3, ..b} and i = j is a γ p I -function of G. But γ R (G) = 2b − 1, where g(v i ) = 2, for i = 1, 2, 3, ..., b − 1 and g(v b ) = 1 is a γ R -function. In particular, when a=7 and b=4, the graph is given in Figure 2 . Now, if we delete one vertex from the b C 2 vertices, γ p I (G) will not change, where as γ R (G) reduces by 1. (Note that h(v k ) = 2 for all k ∈ {1, 2, 3, ..., b} \ {i} and h(v i ) = 1 is a γ R (G)-function of G). Proceeding like this we can reduce γ R (G) up to γ p I + 1. Hence the theorem. 
